JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 12, No. 3, July-September 1998

Augmented Burnett and Bhatnagar - Gross-Krook - Burnett

Equations for Hypersonic Flow

Keon-Young Yun,* Ramesh K. Agarwal,f and Ramesh Balakrishnani
Wichita State University, Wichita, Kansas 67206

Two different forms of Burnett equations are studied that have been designated as augmented Burnett
equations and Bhatnagar- Gross- Krook-Burnett (BGK-Burnett) equations. The augmented Burnett
equations were developed to stabilize the solution of the conventional Burnett equations that were derived
from the Boltzmann equation using the second-order Chapman-Enskog expansion. In this formulation,
the conventional Burnett equations are augmented by adding ad hoc third-order derivatives to stress and
heat transfer terms so that the augmented equations are stable to small wavelength disturbances. The
BGK-Burnett equations have been recently derived from the Boltzmann equation using the BGK ap-
proximation for the collision integral. These equations have been shown to be entropy consistent and
satisfy the Boltzmann H-theorem in contrast to the conventional Burnett equations that violate the second
law of thermodynamics. Both sets of Burnett equations are applied to compute a two-dimensional hy-
personic flow over a circular cylinder at Knudsen numbers 0.001-0.1. Comparison is made between the
augmented and BGK-Burnett equations solutions and with the Navier-Stokes calculations. Comparison
of the solutions of the augmented Burnett equations with the Navier-Stokes solutions shows that the
difference is significant at high Knudsen number (Kn = 0.1). The solutions from the BGK-Burnett equa-
tions compare reasonably well with those from the Navier-Stokes equations and the augmented Burnett

equations.

Nomenclature

= total energy

Knudsen number

Mach number

Prandtl number

pressure

heat flux

gas constant

Reynolds number

temperature

wall temperature

time

velocity components in x and y direction
coefficients of stress terms in Burnett equations
specific heat ratio

coefficients of heat-flux terms in Burnett equations
i = coefficients of stress terms in Navier-Stokes
equations

coefficients of third-order terms in BGK-Burnett
equations

= thermal conductivity

coefficient of viscosity

density

= stress tensor
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Introduction

N one of the first attempts to solve the Burnett equations,
Fiscko and Chapman' solved the hypersonic shock structure
problem for a variety of Mach numbers and concluded that
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the Burnett equations describe the normal shock structure bet-
ter than the Navier-Stokes equations at high Mach numbers.
However, in the numerical solution, they experienced stability
problems on finer grids. The linearized conventional Burnett
equations were found to be unstable to small wavelength dis-
turbances. In a subsequent attempt, Zhong” stabilized the Bur-
nett equations by adding a few linear third-order terms on an
ad hoc basis. This set of equations was termed the augmented
Burnett equations. The augmented Burnett equations did not
present stability problems when they were applied to the hy-
personic shock structure and hypersonic blunt-body problems.
However, the augmented Burnett equations were not entirely
successful to compute the flowfields for blunt-body wakes and
flat-plate boundary layers. Welder et al.” and Comeaux et al.*
noted that the linear stability analysis is not sufficient to ex-
plain the instability of the Burnett equations with increasing
Knudsen numbers because of many nonlinear terms present in
the Burnett equations. It has been shown by Comeaux et al.
that the Burnett equations violate the second law of thermo-
dynamics at high Knudsen numbers.

The highly nonlinear nature of the collision integral in the
Boltzmann equation can be simplified by representing the col-
lision integral in the Bhatnagar- Gross-Krook (BGK) form.
Balakrishnan and Agarwal® have formulated a new set of en-
tropy-consistent one-dimensional Burnett equations from the
BGK-Boltzmann equation and used the Navier-Stokes equa-
tions to approximate the material derivatives in the second-
order terms in the Chapman-Enskog expansion. The material
derivatives are thus expressed in terms of spatial derivatives
using the Navier-Stokes equations. This set of BGK-Burnett
equations contains all of the stress and heat-flux terms reported
by Fiscko and Chapman' and has additional terms that are
similar to the super Burnett equation terms. Balakrishnan and
Agarwal® showed that one-dimensional BGK-Burnett equa-
tions are entropy consistent and satisfy the Boltzmann H-the-
orem at all Knudsen numbers in contrast to the conventional
Burnett equations that have been shown* to violate the second
law of thermodynamics at higher Knudsen numbers. Bala-
krishnan and Agarwal extended the one-dimensional BGK -
Burnett equations to two-dimensional BGK -Burnett equa-
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tions. In this paper, the two-dimensional augmented Burnett
equations® and the two-dimensional BGK-Burnett equations
were employed to compute and compare the shock structure
and other flow properties for hypersonic flow over a blunt
body at various Knudsen numbers.

Governing Equations

The governing equations for two-dimensional unsteady
compressible viscous flow can be written in Cartesian coor-
dinates as

99  E | IE

at ax ady =0 (1)
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In Eq. (1), E and F are the flux vectors of the flow variables
Q in the x and y directions, respectively. These flux vectors
can be written as

E=E, + E,
(3)
F=F,+F,

where E; and F; are the inviscid-flux terms and Ey and F are
the viscous-flux terms given as follows:
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The constitutive equations for a gas flow near thermody-
namic equilibrium can be derived as approximate solutions of
the Boltzmann equation using the Chapman-Enskog expan-
sion.” This method yields the general constitutive relations for
the stress tensor o; and heat-flux vector ¢, as follows:

;=0 +o’+oP+cP+ - +a+ 0K
q:=q0+q"+q7+qP+ -+ g+ OKn"")

where n represents the order of accuracy with respect to Kn.
Kn is defined as

Kn = \/L (7)

where L is the macroscopic characteristic length, and the mean
free path N\ is given by

16

= —— 8
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In the case of Kn ~ 0, only the first terms in Egs. (6) are
important. The zeroth-order approximation (n = 0) results in
the Euler equations

o =0, q2=0 9)

When Kn < 0.1, the first two terms in Eqgs. (6) become
important for the accurate representation of stress and heat

Table 1 Coefficients in the Navier-Stokes
equation stress tensor for air

BGK-Burnett

Augmented Burnett equations,
equations y=14
3, 1.333 -1.6
S> —0.666 -0.4

transfer properties of the gas flow. This first-order approxi-
mation represents the Navier- Stokes equations. The stress ten-
sor and the heat-flux terms (n = 1) are given as

o= —u@u, + &v), oB=o%=—pu, +v)
0% = —w® v, + d.u) (10)
N

where (), = d/0x and (), = 9/dy. The coefficients 8, and &, are
given in Table 1 for the augmented Burnett equations” and the
BGK-Burnett equations.

As Kn becomes larger (>0.1), additional higher-order terms
in Egs. (6) are required. The second-order approximation
yields the Burnett equations that retain the first three terms in
Egs. (6). The expression for stress and heat-flux terms (n = 2)
are obtained as
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Both augmented Burnett and BGK-Burnett equations have
the same forms of the stress tensor and heat-flux terms in the
second-order approximation. However, the two sets of equa-
tions have different values of the coefficients. The coefficients
are compared in Table 2.

The third-order approximation (n = 3) represents the super
Burnett equations. However, not all of the third-order terms of
the super Burnett equations are used in the augmented Burnett
and the BGK-Burnett equations. In the augmented Burnett
equations, the third-order terms are added on an ad hoc basis
to obtain stable numerical solutions while maintaining second-
order accuracy of the solutions. The third-order terms in the
augmented Burnett equations” are given as

3
0'(1(;) = }.L_2 RT(0t 17l + 17ty + QigVay + QigVy,)  (16)
14
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Table 2 Coefficients of the second-order stress
and heat-flux terms in the augmented Burnett
and BGK-Burnett equations for air

Augmented Burnett BGK-Burnett

equations, equations,
hard-sphere gas y=14
o 1.199 —-2.24
oo 0.153 —0.48
os —0.600 0.56
oy —0.115 —1.20
as 1.295 0.0
e —0.733 0.0
oy 0.260 —-19.6
ag —0.130 —5.6
o —1.352 -1.6
a0 0.676 0.4
g 1.352 1.6
(V3PS —0.898 —-19.6
o3 0.600 —-18.0
Qg —-0.676 -04
s 0.449 —5.6
Qe —0.300 —-6.9
By —0.115 —-1.4
B> 1.913 —-1.4
Bs 0.390 0.0
Ba —2.028 -2.0
Bs —0.900 2.0
Be 2.028 2.0
B~ —0.676 0.0
Y1 10.830 —25.241
Y2 0.407 -0.2
Y3 —2.269 —-1.071
Ya 1.209 -2.0
Vs —3.478 -2.8
Yo —-0.611 -7.5
Y7 11.033 —11.0
Vs —2.060 —-1.271
Yo 1.030 1.0
Yo —1.545 —-3.0
Yu —1.545 -3.0
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The superscript (a) denotes the augmented Burnett terms.
The coefficients in stress and heat-flux terms are given as fol-
lows: a7, 0.2222; o5, —0.1111; By, 0.1667; vy, 0.6875; and
Y13, —0.625.

The BGK - Burnett equations have more additional third-or-
der terms than the augmented Burnett equations. These are not
added on an ad hoc basis but are derived from the second-
order Chapman- Enskog expansion of the BGK-Boltzmann
equation. The third-order terms in the BGK - Burnett equations
are given as
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The superscript (B) denotes third-order stress and heat-flux
terms in the BGK - Burnett equations. The 0, are given as fol-
lows: (y = 1.4) 8,, 2.56; 0,, 1.36; 65, 0.56; 6, —0.64; 05, 0.96;
06, 1.6; 6,5, —0.4; 85, —0.24; 05, 1.024; 0,0, —0.256; 0,,, 1.152;
015, 0.16; 013, 2.24; 014, —0.56; 0,5, 3.6; 016, 0.6; 0,7, 1.4; 0,5,
4.9; 010, 7.04; 020, —0.16; 051, —1.76; 05, 4.24; 025, 3.8; and
024, 3.4.

Finally, governing Eqs. (1) are nondimensionalized® by a
reference length and freestream variables and are written in a
curvilinear coordinate system (&, m) by employing a coordinate
transformation®:

T=1{, E=Ex, ), n=n,y) (26)

Numerical Method

An explicit finite difference scheme has been employed to
solve the governing equations. The Steger- Warming flux-vec-
tor splitting method” is applied to the inviscid-flux terms. The
second-order, central-differencing scheme is applied to the
stress tensor and heat-flux terms. In the blunt-body flowfield
calculations reported in this paper, freestream conditions were
used along the outer boundary. First-order extrapolation of the
interior data was used to determine the flow properties along
the exit boundary. Symmetry boundary conditions were ap-
plied to the stagnation streamline. The first-order Maxwell-
Smoluchowski slip boundary conditions” were used on the wall
surface boundary. The first-order Maxwell-Smoluchowski slip
boundary conditions in Cartesian coordinates are

2-6.(a 3 (o
wo=—27 (& +—L 27)
[y ay /), 4 pT s
2—a 2y I [aT
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iy W W & Wt Fig. 1 Computational mesh
I around a circular cylinder (50 X
_ 82 grid).
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] s — 1

where
I=Qulp)Vw/8RT

The subscript s denotes the flow variables on the solid sur-
face of the body. The reflection coefficient ¢ and the accom-
modation coefficient @ were assumed as 1 (for complete ac-
commodation) in this study.

Application to Blunt Body

The augmented Burnett and the BGK - Burnett equations are
applied to compute the hypersonic flow over a cylindrical lead-
ing edge with nose radii of 2, 0.2, and 0.02 m. Because the
numbers of grid lines are fixed in & and m directions, the
smaller cylinder has the finer grid system in the physical do-
main. The grid system in the physical domain is shown in Fig.
1. The flow conditions are

M. =10.0, Re.. = 8396.8/m, . =2.3881 N/m”

T. =208.4K, T, =1000.0 K

The coefficient of viscosity is calculated by the Sutherland’s
law

T3/2
T + ¢,

W =:C (29)

Various constants used in the calculation for air are

=14, Pr=10.72, R =287.04 m*/(s*-K)
v

¢, = 1.458 X 10°kg/s-m-K"? c;=1104 K

With the given flow conditions and constants, the compu-
tations were performed at Knudsen numbers of 0.1, 0.01, and
0.001 corresponding to the cylinder radii of 0.02, 0.2, and 2
m, respectively.

Results and Discussion

Case 1: (Kn = 0.1)

The comparisons of density and temperature changes along
the stagnation streamline are shown in Figs. 2 and 3, respec-
tively. The present augmented and BGK - Burnett solutions are
generally consistent with those of Zhong.” Also, the present
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augmented Burnett solutions and BGK-Burnett solutions are
almost identical. The temperature curves (Fig. 3) show that the
present augmented and BGK - Burnett solutions using the Ste-
ger- Warming scheme have a slightly higher maximum tem-
perature than reported by Zhong.> The Navier- Stokes solu-
tions are also compared with the augmented and BGK - Burnett
solutions in Figs. 2 and 3. Because the flow is in the contin-
uum-transition regime in this case, the differences between the

Aggression: Antecedents and Consequences
Distal
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Fig. 2 Density along stagnation streamline for case 1 (Kn = 0.1).

Fig. 3 Temperature along stagnation streamline for case 1 (Kn
= 0.1).

Fig. 4 Navier-Stokes density
contours for case 1 (Kn = 0.1).

Navier- Stokes and the Burnett solutions are significant. The
shock width in both the augmented and BGK - Burnett solutions
is larger and the shock is upstream of that in the Navier- Stokes
solution. The density and temperature contours of the Navier—
Stokes solutions, the augmented Burnett, and BGK - Burnett so-
lutions using the present scheme are shown in Figs. 4-9. The
shock structure of the present augmented and BGK - Burnett
solutions agrees well with that of Zhong.> The BGK - Burnett

£l
iten

Fig. 5 Augmented Burnett den-
sity contours for case 1 (Kn =
0.1).

el it b sy

Fig. 6 BGK-Burnett density
contours for case 1 (Kn = 0.1).

W i)

Fig. 7 Navier- Stokes tempera-
ture contours for case 1 (Kn =
0.1).
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Fig.8 Augmented Burnett tem-
perature contours for case 1 (Kn
=0.1).

Fig. 9 BGK-Burnett tempera-
ture contours for case 1 (Kn =
0.1).
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Fig. 10 Density along stagnation streamline for case 2 (Kn =
0.01).

solutions are almost identical to the augmented Burnett solu-
tions.

Case 2: (Kn = 0.01)

The comparisons of density and temperature changes along
the stagnation streamline between the Navier- Stokes, the aug-
mented Burnett, and the BGK - Burnett solutions are shown in
Figs. 10 and 11, respectively. The resulting curves are almost

5,000+
4,000+ |[=— Navier—Stokes
. -o- Augmented Burnett
%3.000_ -# BGK—Burnett
4
2
]
1
g-2 000
g
[+
-
1,000+
0 T T T T T T T T T 1
-.200 -.160 -.120 -.080 -.040 .000

X(m)

Fig. 11 Temperature along stagnation streamline for case 2 (Kn
= 0.01).

Fig. 12 Navier-Stokes temper-
ature contours for case 2 (Kn =
0.01).

Fig. 13 Augmented Burnett
temperature contours for case 2
(Kn = 0.01).

coincident with each other. Only small differences are ob-
served at the front of the shock. The temperatue curve of the
BGK - Burnett solution (Fig. 11) shows higher temperature
than other curves at the front of the shock. The density and
temperature contours of each equation solution are also shown
in Figs. 12-14. The shock structures are also similar to each
other.
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Fig. 14 BGK-Burnett temper-
ature contours for case 2 (Kn =
0.01).

= T

Fig. 15 Density along stagnation streamline for case 3 (Kn =
0.001).

Fig. 16 Temperature along stagnation streamline for case 3 (Kn
= 0.001).

Case 3: (Kn = 0.001)

At this small Knudsen number, the solutions of the Navier-
Stokes, the augmented Burnett, and the BGK - Burnett equa-
tions are identical. Because the flow is in the continuum re-
gime, the Navier- Stokes equations already describe the flow-
field accurately. Figures 15 and 16 show the density and tem-
perature changes along the stagnation streamline, respectively.

Fig. 17 Augmented Burnett
temperature contours for case 3
(Kn = 0.001).

Fig. 18 BGK-Burnett temper-
ature contours for case 3 (Kn =
0.001).

Figures 17 and 18 show the temperature contours for the aug-
mented Burnett and the BGK - Burnett equations.

Conclusions

The two-dimensional augmented Burnett equations and the
BGK - Burnett equations have been applied to compute the hy-
personic blunt-body flow (for air) at Kn = 0.1,0.01, and 0.001.
The explicit finite difference scheme with Steger- Warming
flux-vector splitting has been employed to discretize the con-
vective terms in the flow equations. Second-order central dif-
ferencing is used to discretize the stress and heat-flux terms.
The density and temperature changes along the stagnation
streamline are compared for each set of equations. At Kn =
0.1, the resulting flow properties and the shock structure are
consistent with the results reported by Zhong.” At low Knudsen
number (Kn < 0.01), the Navier- Stokes solutions and the two
Burnett solutions are identical.
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